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We investigate an exact solution that describes the embedding of the four-dimensional (4D) per-
fect fluid in a five-dimensional (5D) Einstein spacetime. The effective metric of the 4D perfect fluid
as a hypersurface with induced matter is equivalent to the Robertson-Walker metric of cosmology.
This general solution shows interconnections among many 5D solutions, such as the solution in the
braneworld scenario and the topological black hole with cosmological constant. If the 5D cosmo-
logical constant is positive, the metric periodically depends on the extra dimension. Thus we can
compactify the extra dimension on S1 and study the phenomenological issues. We also generalize
the metric ansatz to the higher-dimensional case, in which the 4D part of the Einstein equations
can be reduced to a linear equation.
PACS numbers: 98.80.Jk,04.50.-h,04.20.Jb
I. INTRODUCTION
Exact solutions play an important role in gravitational
physics and cosmology. The definition of Einstein space-
time is that the Einstein tensor is zero or proportional
to its metric tensor, i.e., Gµν = −Λgµν , where Λ is
the cosmological constant. Our Universe is not an Ein-
stein spacetime because it contains matter. In the stan-
dard Friedmann-Robertson-Walker (FRW) framework,
the content of our Universe is assumed to be perfect fluid
in consistent with the cosmological principle. Therefore,
we are interested in exact solutions that can describe the
embedding of the perfect fluid in a higher-dimensional
Einstein spacetime, as a generalization of the embedding
only between Einstein spacetimes [1, 2]. The Cambell-
Magaard theorem and its generalized versions [3] indicate
that our four-dimensional (4D) Universe can be locally
embeded in a five-dimensional (5D) Einstein spacetime.
Liu-Mashhoon-Wesson (LMW) solution [4] is a basic so-
lution in the Space-Time-Matter (STM) theory [5], in
which a 4D hypersurface in a 5D Ricci-flat spacetime is
chosen as our Universe.
The braneworld scenario has been proposed to describe
our Universe with extra dimension(s) and new physics.
In the Randall-Sundrum (RS) model [6], a famous so-
lution that describes the 4D brane in a 5D bulk with a
negative cosmological constant was found in Ref. [7]. As
an induced matter scenario, the STM model employs the
LMW solution to show its properties. Regardless of the
physical meanings of different solutions, these 5D solu-
tions share some common features: They describe the
embedding of a 4D submanifold as our Universe to a 5D
manifold. The relation between the STM model and the
∗Electronic address: jrenphysics@hotmail.com
RS model is shown in Ref. [8], and the relation between
the STM model and the Dvali-Gabadadze-Porrati (DGP)
model [9] is shown in Ref. [10]. The relation between the
RS model and the 5D Schwarzshild-AdS black hole has
been analyzed in Refs. [11, 12]. It turned out that the
LMW solution is locally isometric to a topological black
hole (TBH) in Ricci-flat spacetime [13]. This implies that
there should also exist the cosmological counterpart of
the TBH with cosmological constant.
To generalize the LMW solution, we solve the 5D Ein-
stein equations with cosmological constant and obtain
an exact solution, which contains two arbitrary functions
and three arbitrary constants. By given the specific forms
of the arbitrary functions and constants, this solution can
describe many well-known solutions in a unified way. We
explicitly show the correspondence between this solution
and the one in RS model. This solution is locally isomet-
ric to a 5D TBH with cosmological constant. We find
that the metric periodically depends on the extra dimen-
sion if the 5D cosmological constant is positive. Thus we
can compactify the extra dimension on S1 and then con-
struct a new model, which is different from the RS, DGP,
and STM models, and also distinguishable from the ordi-
nary Kaluza-Klein cosmology. Many phenomenological
issues are worthy further studying. We also generalize
the metric ansatz to the cases with more extra dimen-
sions and find a linear structure, but the general solution
cannot be obtained.
The paper is organized as follows. In Sec. II we ob-
tain the 5D solution and propose two cosmological inter-
pretations. In Sec. III we show that our solution can
correspond to the RS model and the TBH. And we give
the interconnections between our solution and other 5D
solutions. In Sec. IV we generalize the 5D ansatz to the
case with more extra dimensions and study its features.
In the last section we present the conclusion and discuss
some future subjects.
2II. THE 5D SOLUTION AND TWO
COSMOLOGICAL INTERPRETATIONS
To embed the FRW framework into a 5D spacetime,
we use the metric ansatz
ds2 = −B2(t, y)dt2 +A2(t, y)
(
dr2
1− kr2 + r
2dΩ22
)
+ dy2,
(1)
where k is the curvature of the 3D space, and Ω2 is a 2D
solid angle. This metric is written in the so called Gaus-
sian normal coordinate system. We solve the Einstein
equations with a cosmological constant Λ:
RMN − 1
2
gMNR+ ΛgMN = 0, (2)
where the indices M and N run from 0 to 4. For solv-
ing the Einstein equations, we regard the 5D cosmological
constant as an arbitrary parameter. When we talk about
the physical interpretations of the solution, we may spec-
ify that Λ is positive or negative. The ty component of
Einstein equations gives
B =
A˙
µ(t)
, (3)
where a dot denotes a derivative with respect to the time
t, and µ(t) is an arbitrary function of t. Then by inserting
Eq. (3) to the metric ansatz, the tt component of Einstein
equations gives a linear equation of A2,
(∂2y + λ
2)A2 = 2(µ2 + k), (4)
where λ =
√
2Λ/3. Here Λ can be both positive and
negative.
Combining Eq. (4) with other equations, we obtain an
exact solution of Einstein equations. If we require the
λ→ 0 limit to be finite, this general solution is
A2(t, y) =
2
λ2
[µ2 + k + λv sinλy
−
√
(µ2 + k)2 − λ2(ν2 +K) cosλy], (5)
where µ ≡ µ(t) and ν ≡ ν(t) are arbitrary functions of t,
and K is constant. If Λ < 0, by defining λ =
√
2|Λ|/3,
Eq. (5) can be rewritten as
A2(t, y) =
2
λ2
[−µ2 − k + λv sinhλy
+
√
(µ2 + k)2 + λ2(ν2 +K) coshλy]. (6)
The λ→ 0 limit of Eq. (5) is the LMW solution
A2(t, y) = (µ2 + k)y2 + 2νy +
ν2 +K
µ2 + k
, (7)
which was found by Liu and Mashhoon [5], and restudied
by Wesson. Liu has solved the Einstein equations in the
5D bulk and obtained a solution [14], but that one is
apparently divergent in the Λ → 0 limit. The solution
(5) has been essentially obtained in our previous work
[15].
We should give physical interpretations of our solu-
tion. The first interpretation is the induced matter sce-
nario with etra dimension unnecessarily compactified.
We choose a 4D hypersurface y = 0, in which the ef-
fective metric is
ds2 = −B2(t, 0)dt2 +A2(t, 0)
(
dr2
1− kr2 + r
2dΩ22
)
. (8)
By using this 4D metric, the Einstein tensor is Gµν =
Rµν − 12gµνR. This 4D hypersurface is not an Einstein
spacetime generally, i.e., Gµν + Λ4gµν 6= 0, where Λ4
is the 4D cosmological constant. Thus we can define
8πGNTµν ≡ Gµν + Λ4gµν , where GN is the 4D New-
ton’s constant and Tµν is the energy-momentum tensor
in the y = 0 hypersurface. This means that the matter
is induced from the extra dimension. Mathematically,
the Λ4 and GN are two new parameters. Physically, they
are related to the tension of the brane in the braneworld
scenario [16]. The Einstein tensor can be calculated as
(4)G00 =
3(µ2 + k)
A2
, (9)
(4)G11 =
(4)G22 =
(4) G33 =
2µµ˙
AA˙
+
µ2 + k
A2
. (10)
where A takes the value in y = 0 hypersurface. The
energy-momentum tensor is consistent with the perfect
fluid. In the following we will show that this scenario
contains the FRW framework with the scale factor a(t)
for specific forms of the functions µ(t) and ν(t).
We first consider the Λ cold dark matter (ΛCDM)
model as a simple case. For the exact solution of the
ΛCDM model, see Appendix. We solve the scale factor
as
a(t) = a0
[
cosh
(√
3Λ4
2
(t− t0)
)
+
√
3
Λ4
H0 sinh
(√
3Λ4
2
(t− t0)
)]2/3
, (11)
where Λ4 is the 4D cosmological constant in our Universe.
For the known function a(t) as the solution of the ΛCDM
model, if we choose the arbitrary functions µ and ν as
the following form:
µ = a˙(t), (12)
ν2 = −1
6
Λa4 + (a˙2 + k)a2 −K, (13)
then the y = 0 hypersurface of Eq. (5) is exactly our Uni-
verse described by the ΛCDMmodel. Any FRWUniverse
with the scale factor a(t) can be reproduced by the y = 0
hypersurface in the 5D spacetime, if we choose the arbi-
trary functions as Eqs. (20) and (21). We will show that
this solution mathematically unifies many 5D cosmologi-
cal solutions in the next section. We can use the solution
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FIG. 1: The physical picture of the two interpretations. In the
first one, we take the y = 0 hypersurface Σ as our Universe.
In the second one, the extra dimension is compactified on S1,
but different values of y correspond to different hypersurfaces.
(5) or (6) to construct many cosmological models. For
example, we can impose a Z2 symmetry to the spacetime,
as in Ref. [17].
The second interpretation is the induced matter sce-
nario with compactified extra dimension. We require a
positive cosmological constant in the 5D spacetime. Then
the metric periodically depends on the extra dimension y,
which implies that the extra dimension can be compact-
ified on S1. From the metric, we can see that the scale
factor of the extra dimension is constant, which means
that the extra dimension is static. If the Universe begins
with a small volume, the extra dimension is still small
now. Different values of the coordinate y correspond to
different 4D spacetimes. We should take a specific value
of y and calculate the 4D effective action for the Uni-
verse. The y = 0 hypersurface is the same as in the first
interpretation, but the second one is more physical and
may have distinctive signatures. This model is different
from the ADD (Arkani-Hamed, Dimopoulos and Dvali)
[18], RS, DGP, and STM models, and also different from
the ordinary Kaluza-Klein cosmology, in which the 4D
effective metric is independent of the extra dimension.
We will study the phenomenological implications of this
model in our future work. The comparison of the first
and the second interpretations of our solution is shown
in Fig. 1.
III. RELATION TO OTHER 5D SOLUTIONS IN
A UNIFIED WAY
A. Relation to the RS, STM, and DGP models
In the original work of the RS model [6], the following
solution of Einstein equations was used to illustrate the
main ideas of the model:
ds2 = e−2krcφηµνdx
µdxν + r2cdφ
2, (14)
where k is around the Planck scale, and the extra dimen-
sion φ is a finite interval whose size is set by rc. A more
general solution with matter in RS model was obtained
later [7]. The metric ansatz is the same as Eq. (1). The
notations are slightly different in the present work. The
energy-momntum tensor in RS model can be written as
T˜MN = Tˇ
M
N |bulk + TMN |brane, (15)
TˇMN |bulk = diag(−ρB,−ρB,−ρB,−ρB,−ρB),(16)
TMN |brane = δ(y) · diag(−ρb, pb, pb, pb, 0). (17)
where ρB is the energy density in the bulk, and ρb and pb
are the energy density and the pressure of the matter in
the brane, respectively. Here ρB is a negative constant,
and ρb and pb are functions only of time. The Einstein
equations are GMN = κ
2T˜MN . The relation between A
and B is B = A˙/a˙(t), where a ≡ A(t, 0). The solution of
A2 is
A2(t, y) =
1
2
(
1 +
κ2ρ2b
6ρB
)
a2 +
3C
κ2ρBa2
+
[
1
2
(
1− κ
2ρ2b
6ρB
)
a2 − 3C
κ2ρBa2
]
cosh(λy)
− κρb√−6ρB a
2 sinh(λ|y|), (18)
where C is constant, and λ =
√
−2κ2ρB/3. This λ is the
same as the one in Eq. (6), because the 5D cosmological
constant Λ = κ2ρB. The scale factor a(t) in the brane
satisfies the modified Friedmann equation
a˙2
a2
=
κ2
6
ρB +
κ4
36
ρ2b +
C
a4
− k
a2
. (19)
Comparing our solution (6) with the solution in RS
model, we can see that if we specify some particular form
of the arbitrary functions µ and ν, Eq. (6) can be the
same as Eq. (18). The correspondence of the functions
are
µ2 + k =
(
κ2
6
ρB +
κ4
36
ρ2b
)
a2 +
C
a2
, (20)
ν = −κ
2
6
ρba
2, (21)
K = C. (22)
The integration constant K in Eq. (6) is identified with
the integration constant C in Eq. (18). If we require
B = 1, then µ = a˙ in the y = 0 hypersurface. For this
choice of µ, ν, and K, Eq. (20) is the same as the modi-
fied Friedmann equation Eq. (19). The inverse transfor-
mation is
a2 =
2
λ2
[−µ2 − k +
√
(µ2 + k)2 + λ2(ν2 +K)],(23)
ρb = − 6ν
κ2a2
. (24)
The equivalence between the STM model and the RS
model has been demonstrated in Ref. [8]. The 4D effec-
tive energy-momentum tensor [8, 16] is the same in both
STM and RS models:
(4)Gµν = −Λ4qµν + 8πGNτµν + κ45πµν − Eµν , (25)
4where qµν is the induced metric in the brane, τµν is the
energy-momentum tensor in the brane, πµν is the local
quadratic correction, and Eµν is the nonlocal Wyel cor-
rection. Here Eq. (25) is called Shiromizu-Maeda-Sasaki
(SMS) equations [16], which are the effective field equa-
tions on the brane (A related work is Ref. [19]). In the
present work, we have explicitly shown that our solution
can be equivalent to the one in RS model in the y = 0
hypersurface. The Λ → 0 limit of Eq. (5) is reduced to
the LMW solution in STM model. The correspondence
between the STM model and the DGP model is given in
Ref. [10]. Therefore, our solution describes many models
in a unified way mathematically.
B. Relation to the 5D topological black hole
If we replace the solid angle Ωn in the Schwarzschild
solution with an n-dimensional Einstein manifold, the
metric remains a solution of Einstein equations. Such a
black hole is called a topological black hole (TBH). The
equivalence between the LMW solution and the TBH in
Ricci-flat spacetime has been demonstrated in Ref. [13].
We will show that the metric (1) with the solution (5)
can be obtained by a coordinate transformation of the
TBH with cosmological constant. For the details of this
method, see Ref. [13]. The metric for a 5D TBH is
ds2TBH = −h(R)dT 2 + h−1(R)dR2 + R2dΩ23(k), (26)
where Ω3(k) is a 3D Einstein manifold with curvature k.
After the coordinate transformation
R = R(t, y), T = T (t, y), (27)
Eq. (26) becomes
ds2 =
(
hT 2,t −
R2,t
h
)
dt2 + 2
(
hT,tT,y − R,tR,y
h
)
dtdy
+
(
hT 2,y −
R2,y
h
)
dy2 +R2dΩ23(k). (28)
The function R can be fixed as R(t, y) = A(t, y). Then
by comparing the coefficients of Eqs. (28) and (5), the
equations
R2,t
µ2(t)
= h(R)T 2,t −
R2,t
h(R)
, (29)
0 = hT,tT,y − R,tR,y
h
, (30)
−1 = h(R)T 2,y −
R2,y
h(R)
, (31)
are obtained to solve R and T . Eqs. (29) and (31) can
be rewritten as
T,t =
R,t
h(R)
√
1 +
h(R)
µ2(t)
, (32)
T,y =
1
h(R)
√
R2,y − h(R). (33)
By substituting these two equations to Eq. (30), R is
determined by a single equation
R2,y = h(R) + µ
2(t). (34)
After R(t, y) is obtained, we can substitute it to Eqs. (32)
and (33) to solve T (t, y). The integrable condition is
satisfied for these equations.
Starting with Eq. (26) and solving the Einstein equa-
tion with a cosmological constant Λ, we can obtain
h(R) = k − K
R2
− 1
6
ΛR2. (35)
We solve Eq. (34) and find
R2 =
2
λ2
[µ2+ k+
√
(µ2 + k)2 − λ2K sin(λy+ϕ)], (36)
where ϕ ≡ ϕ(t) is an arbitrary function from the inte-
gration. This is consistent with Eq. (5). By applying
the identity a sin θ+ b cos θ =
√
a2 + b2 sin(θ+ ϕ), where
tanϕ = b/a to Eq. (5), and comparing the result with
Eq. (36), we obtain
tanϕ = − 1
λν
√
(µ2 + k)2 − λ2(ν2 +K). (37)
With the help of the equivalence between our solution
and the TBH, we directly obtain the Kretschmann scalar
to be
I = RMNPQR
MNPQ =
72K2
A8
+
10Λ2
9
(38)
For the LMW solution, the Kretschmann scalar is I =
RMNPQR
MNPQ = 72K2/A8.
In the 4D case, if we attempt to transform the 4D
Schwarzshild solution in the same way, we need to solve
the equation
∂R
∂y
=
√
1− K
R
+ µ2(t). (39)
Although the integration can be evaluated out, we cannot
solve R explicitly. In the 6D case, the integration cannot
be evaluated out. This implies that the 5D metric (1) is
special, e.g., if we modify the Ω2 to Ω3, we cannot have
an explicit solution as the counterpart of the 6D TBH.
The specialty of 5D solution has been noticed by Seahra
and Wesson [13], but they did not consider the case when
the cosmological constant exists. Luckily, Eq. (34) can
also be explicitly solved in the more general case with
cosmological constant.
In addition, it has shown that the following Fukul-
Seahra-Wesson (FSW) solution [20] is equivalent to
LMW solution after Wick rotations:
ds2FSW = −dτ2 + b2(τ, w)dΩ23(k) +
b2,w(τ, w)
ζ2(w)
dw2, (40)
where
b2(τ, w) = [ζ2(w) − k]τ2 + 2χ(w) + χ
2(w)−K
ζ2(w) − k . (41)
Similarly, we can easily generalize the FSW solution to
the case with cosmological constant from Eq. (5).
5C. Relations to other solutions
The following Lemaˆıtre-Tolman-Bondi (LTB) metric
[21] has been used to describe the inhomogeneous Uni-
vese:
ds2 = −dt2 + A
′(r, t)2
1 + f(r)
dr2 +A(r, t)2dΩ32, (42)
where the unknown functions A(t, r) and f(r) are to be
solved with the energy-momentum tensor. The metric
(1) is essentially a 5D LTB metric
ds2 = −dt2 + A
′(r, t)2
1 + f(r)
dr2 +A(r, t)2dΩ33(k), (43)
which can be transformed to the same form as Eq. (1) by
a double Wick rotation
y → it, t→ ir, r → r˜. (44)
This implies that the 5D LTB metric can be explicitly
solved in Einstein spacetime. However, the 4D LTB met-
ric cannot be explicitly solved (it can be solved in para-
metric form). It is a coincidence that A2 satisfies a linear
equation in 5D case, while A2 satisfies a nonlinear equa-
tion in 4D or other cases generally. This confirms that
the 5D TBH and the 5D LTB metric are special. In fact,
the linear structure for the ansatz (1) will be more clear
in the case of more extra dimensions, as the next section
shows.
The metric ansatz can be written as the Weyl type
ds2 = e2β(t,y)(−dt2 + dy2) + e2α(t,y)gijdxidxj , (45)
which was used in Ref. [22]. For the generalized Weyl
solution [23], see Appendix. The solution for Eq. (45) in
Ricci-flat spacetime can be directly obtained as a general-
ized Weyl solution. However, the generalized Weyl solu-
tion is only applicable to the vacuum Einstein equations.
We must simplify the ansatz (45) to solve Einstein equa-
tions with cosmological constant. To make the ansatz (1)
as general as Eq. (45), we should add another unknown
function before dy2. The physical meaning of the simpli-
fication as Eq. (1) is setting the extra dimension to be
static. Mathematically, this simplification enhances the
symmetry of the spacetime. The metric (45) contains
three Killing vectors, while Eq. (1) contains four Killing
vectors essentially, because it can be transformed to a 5D
TBH.
The relations between the solutions are as follows:
LTBOO
WR

RS RMZ
Λ→0

Λ<0, Z2oo oo CT // TBH
LMW
Z2
bbFFFFFFFFFFFF {{
CT
;;wwwwwwwwwwwww
Here WR denotes a double Wick rotation, and CT de-
notes a coordinate transformation. The related solutions
are as follows:
• LTB denotes the 5D LTB metric, Eq. (43).
• RS denotes a solution in the RS model, Eq. (18),
which was found by Bine´truy, Deffayet, Ellwanger,
and Langlois.
• RMZ denotes our solution, Eq. (5).
• TBH denotes the topological black hole, Eq. (26).
• LMW denotes the LMW solution, Eq. (7).
The generality of our solution originates from two arbi-
trary functions and three arbitrary constants that it con-
tains. An important problem is whether we can obtain
some new physics from this solution. We can look the
relation between these solutions in the physical point of
view. The braneworld scenarios describe a brane in a 5D
bulk with a cosmological constant Λ. If Λ < 0, we have
the RS model, and if Λ = 0, we have the DGP model.
Both of these two models have rich phenomenological is-
sues. Consequently, there seems a vacancy in the Λ > 0
case. The second interpretation of our solution may cor-
respond to a new model to fill in this vacancy, as shown
in Table I.
TABLE I: Three cases of the 5D cosmological constant
Cosmological constant Physical model
Λ < 0 Randall-Sundrum model (Type II)
Λ = 0 Dvali-Gabadadze-Porrati model
Λ > 0 The second interpretation
IV. MORE EXTRA DIMENSIONS
We want to generalize the codimension one scenario to
the case with more extra dimensions. The codimension
two brane has been studied, such as in Ref. [24]. If the
number of extra dimensions is n, we propose a metric
ansatz as
ds2 = −B2(t, Y )dt2 +A2(t, Y )
(
dr2
1− kr2 + r
2dΩ22
)
+
∑
i
dy2i , (46)
where y1, y2, ...yn are coordinates of the extra dimensions,
and Y ≡ (y1, y2, · · · , yn). Define λ =
√
2Λ/3, where Λ
is the (4 + n)-dimensional cosmological constant. The
relation between A and B is also B = A˙/µ(t). We find
that as along as the A2 satisfies the following Helmholtz
equation with source term:
(
∑
i
∂2i + λ
2)A2 = 2(µ2 + k), (47)
6the tensor Gµν + Λgµν will be as the form(
04×4 0
0 Xn×n
)
.
The linear equation (47) guarantees that the 4D part of
the Einstein equations is satisfied. But the other parts
of Einstein equations are nonlinear and cannot be solved
generally. For example, in the Ricci-flat spacetime, other
parts of Einstein equations can be written as
[(A2),ijA
6],t = 0, (48)
for any i, j = 0, 1, · · · , n. We can add some other fields in
extra dimension to compensate the non-zero components,
and other fields may stabilize the extra dimensions.
We can also consider the case that both A and B are
independent of time. The 5D ansatz is
ds2 = −B2(y)dt2 +A2(y)
(
dr2
1− kr2 + r
2dΩ22
)
+ dy2,
(49)
which cannot be directly treated as the special case of
the ansatz (1), because B = 0 if A˙ = 0. However, if we
require B = 1 and then µ = A˙, we have µ = 0 when
A˙ = 0. We can directly check that the following A with
B = 1 is an exact solution:
A2(y) =
2
λ2
[k + λν sinλy −
√
k2 − λ2(ν2 +K) cosλy],
(50)
where ν is constant. The λ→ 0 limit is
A2(y) = ky2 + 2νy +
ν2 +K
k
, (51)
as the LMW solution implies. Here Eq. (50) is a special
solution for the ansatz (49). In the Ricci-flat spacetime,
the following solution:
A2(y) = ky2 + c, B2(y) =
y2
ky2 + c
, (52)
where c is constant, is also a special solution for the
ansatz (49).
The higher-dimensional ansatz is
ds2 = −B2(Y )dt2+A2(Y )
(
dr2
1− kr2 + r
2dΩ22
)
+
∑
i
dy2i .
(53)
The function A also satisfies a linear equation
(
∑
i
∂2i + λ
2)A2 = 2k, (54)
where λ is defined as above. As long as A satisfies this
equation, the tt component of Einstein equations will be
satisfied. However, other nonlinear equations of A and
B cannot be written as a simple form. We can show
another special solution. In the Ricci-flat spacetime, the
6D ansatz
ds2 = −B2dt2 +A2(dr2 + r2dΩ22) + dy2 + dz2, (55)
gives a Weyl type solution
A2(y, z) = y2 − z2, B2(y, z) = y
2z2
y2 − z2 . (56)
The analysis of this solution is beyond the scope of this
paper.
V. CONCLUSION AND DISCUSSION
We have obtained an exact solution of 5D Einstein
equations with cosmological constant and shown the in-
terconnections between this solution and other solutions.
Two interpretations to this solution are given. In the first
interpretation, we take the y = 0 hypersurface as our
Universe with induced matter. We have demonstrated
the mathematical equivalence of our solution and the so-
lution in RS model and the TBH. In the second inter-
pretation, we require the 5D cosmological constant to be
positive and thus compactify the extra dimension on S1.
This scenario is similar to the Kaluza-Klein cosmology,
but the 4D effective metric depends on the coordinate of
the extra dimension. We also propose a metric ansatz
with more extra dimensions, and find that the 4D part
of Einstein equations is reduced to a Helmholtz equa-
tion with source term. This linear structure in the 5D
case shows that the 5D TBH and the 5D LTB matric
are special. We also give some special solutions in the
time-independent case.
We shall discuss some possible future developments of
our work. The phenomenological implications of our so-
lution, especially the Λ > 0 case, should be studied in
details.
• Different coordinate systems may cover different
patches of the whole manifold. In the Penrose dia-
gram of the extended Schwarzshild-(A)dSmanifold,
which patch does this solution cover?
• If the 5D cosmological constant is positive, is it pos-
sible to construct a physical model, which is parallel
to the RS and DGP model?
• The corrections to the observable quantities should
be calculated. What is the 4D effective action after
the dimension reduction? What is the correction
to the Newtonian potential in 4D?
• The currently accelerating expansion of our Uni-
verse may be due to modified gravity [25] or higher-
dimensional effects. Can this solution give some
new insight to the 5D or 4D gravitational physics?
• The stabilization of the extra dimension(s). The
moduli stabilization may be related to dark energy
[26]. Thus, what will happen in our case?
7• Can this solution explain inflation and large scale
structure of our Universe?
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APPENDIX A: MATHEMATICAL NOTES
The solution of the ΛCDM model is presented as fol-
lows. The FRW metric is
ds2 = −dt2 + a2(t)(dr2 + dΩ22), (A1)
where a(t) is the scale factor to be solved. The content
of the Universe is assumed to be a perfect fluid, whose
energy-momentum tensor is T µν = diag(−ρ, p, p, p). Ein-
stein equations with a cosmological constant Λ are re-
duced to Fiedmann equations,
a˙2
a2
=
8πG
3
ρ+
Λ
3
,
a¨
a
= −4πG
3
(ρ+ 3p) +
Λ
3
. (A2)
Note that this Λ is Λ4 in Sec. II. For the ΛCDM model,
the equation of state is p = 0. The solution of a(t) is
Eq. (11). The H-a relation can be solved as
H(a) = H20
[(
1− Λ
3H20
)(a0
a
)3
+
Λ
3H20
]
, (A3)
where H0 is the Hubble constant, Ωm is the ratio of the
matter density. The relation between Ωm and Λ is Ωm =
1 − Λ/(3H20 ). The linearization of friedmann equations
was studied in Ref. [27], and the physical analysis of some
special cases was studied in Ref. [28].
The generalized Weyl solution [23] is a successful ap-
plication of the integrable theory to general relativity.
It is valid for vacuum Einstein equations with a D-
dimensional metric that admits D− 2 orthogonal Killing
vector fields. The metric ansztz is
ds2 =
D−2∑
i=1
ǫie
2Ui(dxi)2 + e2CdZdZ¯, (A4)
where Ui and C are functions of Z and Z¯ only, and ǫi =
±1. The functions Ui satisfy a Laplace equation
∂Z∂Z¯ exp(
∑
j
Uj) = 0. (A5)
Thus the solution can be written as
∑
j Uj =
log(w(Z) + w˜(Z¯)), and the function C is given by C =
1
2 log(∂Zw∂Z¯w˜) + ν, where ν is determined by
∂Zν = −w + w˜
∂Zw
∑
i<j
∂ZUi∂ZUj, (A6)
∂Z¯ν = −
w + w˜
∂Z¯w˜
∑
i<j
∂Z¯Ui∂Z¯Uj. (A7)
The integrable condition for ν has been satisfied.
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